Abstract: We report the results of new theoretical calculations of the transition amplitudes and cross-sections for two distinct bremsstrahlung-related processes: i) Stimulated one-photon transitions (Free-Free Transitions) occurring in the course of electron-H atom collisions, in the presence of a strong external field. ii) Two-photon Bremsstrahlung, corresponding to the spontaneous emission of two distinct photons in a single electron-atom collision event. The main features of these processes will be outlined and discussed.
Introduction.
The advent of powerful (soft) X-Ray sources [1,2] and the development of coincidence techniques make possible to perform a new generation of Bremsstrahlung-related experiments. We will address here two distinct topics which opkn new perspectives onto the study of the dynamics of such electron-atom collisions, involving the exchange of one or several phatons with an extemal electromagnetic field. More precisely we will report recent advances we have contributed to in the theoretical description of the following radiative collision processes:
i) The so-called stimulated and inverse bremsstrahlung, which are expected to be observed in the course of the collision of electrons with an atomic target, in the presence of a Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:19879141 strong external source. We will illustrate the main features of these stimulated processes with the help of a detailed calculation of the corresponding transition amplitudes and cross-sections in the simpler case of e--H atom collisions. We will also evidence the differences existing between stimulated and con~entional (spontaneous) bremsstrahlung.
ii) The two-photon Bremsstrahlung, corresponding to the simultaneous (spontaneous) emission of two distinct photons, occuning during the course of a single electron-atom collision event. Such a process, which has been recently observed in the X-ray range (31, can be interpreted as a second-order radiative transition taking place into the Coulomb continuum of the atomic nucleus. We will present here the results of an exact calculation of the corresponding non-relativistic dipole transition probabilities [4, 5] . It is interesting to note that, although our results have been independently confiied [6] , notable discrepancies still persist between theoretical and experimental data.
In Section 2, we will briefly outline the theoretical framework and the formalism used in the description of the stimulated Free-Free Transitions (FFT's) occurring in the course of the collision of fast electrons with hydrogen atoms. The main results of our calculation, which relies on the use of compact representations of the Coulomb Green's function, will be presented in the Section 3, particular emphasis being given to the role of the atomic dynamic polarizability. In order to make clear the specificity of stimulated FFT's with respect to conventional (spontaneous) Bremsstrahlung, we will compare the relevant cross sections in Section 4. Such a comparison shows that the study of these stimulated transitions can provide more physical insight into the dynamics of such radiative processes than the one of spontaneous transitions. Our paper will end with a presentation and a short discussion of the main features of two-photon Bremsstrahlung. The possible origin of the above mentioned discrepancy between theory and experiment will be briefly addressed.
Formalism
Electrons colliding with atomic targets, in the presence of a strong external electromagnetic field, can pick up or lose one quantum of energy from the field. Such FFT's were primarily of astrophysical interest, until it has been recognized that they play also an important role in the absorption and stimulated emission of radiations from hot gases and plasmas [7] . Note that in the presence of very intense laser sources, multiphoton FFT's may become observable, which has given rise to an important specialized literature 181. As we will show next, it is likely that, in the X-ray range, only the lowest-order (one-photon) transitions could be easily observed: we will accordingly restrict here the discussion to one-photon exchanges and model these processes with the help of the simpler e--H atom system. Although this model may be thought to be somewhat naive, it displays in fact all the main features of the dynamics of such radiative collisions and permits in particular to discuss the relative importance of the atomic polarizability.
This class of processes can be symbolically described by the equation:
where Ei(Ef) and ki(kf) are the energies and wave vectors of the incoming (outgoing) projectile; H(1s) represents the hydrogen atom in its ground state and f *&,a) is associated to the absorption (+) or the stimulated emission (-) of one photon from the external field, with polarization E and frequency o. Ei and Ef are connected via the energy conservation relation (atomic units will be used throughout):
The theoretical treatment of these processes presents considerable difficulties [9] . It does, however, simplify notably if one restricts oneself to the case of collisions involving fast (non-relativistic) electrons and assumes the validity of the electric dipole approximation as regards to the radiative step. The electron wave functions can thus be approximated by plane waves (lSt ~o r n approximation) and exchange effects can be neglected.
this framework, a simple perturbative analysis shows that the process is second order in the interaction hamiltonians [lo] :
here H, corresponds to the Coulomb interaction between the projectile and the atom, r l being the position of the projectile andr12 = I rl -rzl , where rz is the position of the atomic electron; %is .the dipole interaction hamiltonian in which A. is the amplitude of the vector potential of the external field, with polarization E: and a t and a are the usual photon creation and annihilation operators. The advantages of such a simplified perturbative treatment is that it allows to perform exact calculations and, accordingly, to discuss in a well defined test case, the physics of the process.
After some straightforward algebra, summing in particular over the intermediate free wave projectile states, one is left with an expression of the differential cross section which i s expressed in terms of atomic matrix elements [Ill:
Here a is the fine structure constant, A = ki -kf is the momentum transfer and Gc(Q) is the Coulomb Green's function and the cross section, defined after Geltman's [9] , is proportional to a05, where ag is the Bohr radius. We note that each term in this expression can be associated to one of the Feynman diagrams displayed in the Fig. 1 . More precisely the first term, in-Eq.(4), corresponds to the diagrams numbered I and II which depict the photon emission (or absorption) as resulting from the interaction of the field with the electron projectile. Accordingly, this contribution will be referred to as "electronic" in the following. We note, for the sake of future discussion, that the term -1, which appears here, represents the electron-nucleus interaction contribution to the process and will be named as "Coulomb. Finally, the last two terms, containing the Coulomb Green's function, correspond to the diagrams III and N which are associated to the interaction of the atom with the radiation field, resulting in the exchange of one photon. Their corresponding contributions will be referred to as "atomic" in the following. The calculation of these latter contributions represents obviously the main difficulty of the problem, since the other term reduces in fact to a trivial (ground state) atomic form factor. We have performed an exact analytical calculation of these second order matrix elements, by using Hostler's integral representation of the Coulomb Green's function 1121. Note that, as an independent check of our calculation, we have also used another numerical code, based on a sturmian expansion of the Coulomb Green's function [13] . Our main results are discussed in the next Section.
Analysis of FFT's cross sections
The evaluation of the exact analytical expressions so obtained permitted us to discuss in some detail the physics of the process (see, for instance, the reference 1121). Our findings may be summarized as follows:
In the relatively high kinetic energy range considered here for the incoming electron, the main parameters governing the dynamics of the problem are respectively the radiation frequency and the orientation of the polarization vector, with respect to the incoming and outgoing electron momenta. This relative orientation has a purely geometrical effect which, in the case considered here, is entirely contained in the overall factor A.&=(k, -k f ) .~ which naturally appears into the expression of the transition amplitude. The presence of this overall factor has important consequences on the variations of the differential cross sections: one notes in particular that this latter becomes identically zero at frequencies and scattering geometries such that A I& (minimum denoted (a) in Fig. 2) . We should emphasize, at this point, that such kinematical minima do not appear in the corresponding conventional (spontaneous) Bremsstrahlung differential cross sections, since these latter are obtained as resulting of an averaging procedure over the polarization states of the emitted light, procedure which washes out the minima.
Depending on the scattering geometry and photon frequency, another kind of minima may appear in the angular dismbution or in the dispersion curves (see the minima denoted (b) in the Fig. 2) . Their origin can be ascribed to a destructive interjerence phenomenon between the "atomic" and "electronic" contributions, into the overall amplitude 1121. These minima do exist also in the angular distributions (not shown here), in a wide range of scattering geometries and photon frequencies and their presence (absence) provide a nice indication on the relative magnitudes of the "atomic" and "electronic" terms in the expression Eq. (4). Interestingly enough, it seems that such minima are not an artefact specific to our simplified approach and would survive even if more refined models, including for instance higher order Born corrections, were to be used [14] . It should be noted however that, again, these features are washed out in the corresponding conventional Bremsstrahlung spectra, in which the propagation direction of the outgoing electron is not recorded.
The dispersion curve for the differential cross section presented in the Dashed line : contribution of the "electronfc" tkrmg ; dot-dasked line : contribution of the "atomic" terms ; solid line : total cross section.
frequency cu (a.11.) displays also some interesting general features of W s . One observes in particular that, still at the relatively high projectile energies considered here, the "electronic" contribution (diagrams I and 11, Fig. 1) is dominant in the low frequency domain. This is in qualitative agreement with the so-called Low theorem, connected to the infrared divergence of the Bremsstrahlung cross section and which precisely states that, in the soft-photon limit, the cross section diverges and becomes also proportional to the elastic scattering one [15] . In addition to the already discussed destructive interferences, the "atomic" terms play an important role, as expected, in the range of frequencies close to characteristic atomic excitation frequencies. On the contrary, at higher photon energies, the "Coulomb" contribution, associated to the electron-rlucleus interaction and contained into the "electronic" term, provides the dominant contribution to the FFT spectrum. This is consistent with the fact that screening effects become less important as the photon frequency is higher. Similar general conclusions may be drawn from the study of the Bremsstrahlung cross sections, as we will show below.
FFT's vs. Bremsstrahlung.
As we have already mentioned in the preceding Section, FFT cross sections contain more structures (thus more informations) than the corresponding conventional Bremsstrahlung ones. This can be readily verified in the Fig. 3 in which we have reported the doubly differential Bremsstrahlung cross section for the emission of one photon into the solid angle dS2(k) with an energy such that: o = ki2/2 -k&2. By comparing with the Fig. 2 , one obsexves that the kinematic and interference minima are not present anymore, as a result of the integration over the final electron direction and the averaging over the polarization states of the emitted light. As already noted by several authors [I 1,161 , the only features to survive are then the resonances corresponding to the excitation frequencies of the atom.
It is important to note that the cross sections for FFT's (Fig. 2) and for (spontaneous) Bremsstrahlung (Fig. 3) are not defined in the same way and, in particular, have not the same dimensions [17] . Accordingly their magnitudes should not be compared without precautions. There are however significant physical differences between those cross sections, which are well exemplified by the elementary expressions one can derive in the pure Coulomb case, in the first Born approximation, for the emission of one photon of frequency w (in whatever direction) and the scattering of the projectile into the solid angle dQ(kf): i) FFT (the photons are not detected) Here Z is the charge of the nucleus, the index B stands for the first Born approximation and 1 is the intensity of the external source expressed in atomic units, the (time averaged) atomic unit of intensity being = 3.5 1016W/cm2.
ii) Bremsstrahlung (for the sake of comparison with the preceding formula, in addition'to sum over the polarization states, we have integrated over the propagation direction of the emitted photon); the doubly differential cross section reads:
We note first the important difference between the angular dismbutions for the scattered electron: in 2 the conventional Bremsstrahlung case it is isotropic, Eq. (6), whereas it is proportional to (As) , i.e. is strongly dependent on the scattering geometry, in the stimulated case, Eq. (5). We observe also that, although both cross sections are divergent in the soft-photon limit [15] , the o-4 dependence of the cross sections for stimulated processes makes these latter much more probable in the low frequency regime than in the X-ray range. This tendency is even more accentuated when considering higher-order (multiphoton) transitions [4, 8, 17] , which means that it is Iikely that only one-photon FET's will be easily observed in the X-ray domain, unless very high intensities could be reached. As a final comment, we would like to stress that the main conclusions of this simple analysis, based on a first Born calculation, are still verified, at least in a broad sense, even when considering more realistic descriptions of the process.
5.Two-photon Bremsstrahlung.
Such a process, corresponding to the spontaneous emission of two distinct photons in a single electron-nucleus collision event, was predicted to arise as a radiative correction to one-photon bremsstrahlung, since the early days of the Quantum Electrodynamics theory. It can be conveniently represented as follows: e-(ki) + (nucleus) -, e'(kf) + (nucleus) + y(wl)uy(02) , (7) with the consemation energy: ki2/2 = k8/2 + ol+ a;! However, as the corresponding probabilities are easily estimated to be much smaller, i.e. about a = 1/137 times, than in the one-photon case, the two-photon spectrum was expected to be completely buried into a dominant bremsstrahlung emission background. Accordingly, the theoretical study of the process was, for a long time, considered as a somewhat academic problem Standard time-dependent perturbation theory leads straightforwardly to express the relevant transition probability in terms of a second-order atomic matrix element between two Coulomb continuum states. Within the framework of the nonrelativistic electric dipole approximation, we were able to compute exactly these matrix elements, for the k t time Fig. (4) . A detailed theoretical analysis shows that it is likely that even more sophisticated models, taking consistently into account relativistic as well as atomic structure effects (screening, for instance), would not fill the gap. It is thus interesting to note that more refined experiments are currently under way and that the agreement is already improved [20] . 4: o, = 6.Conclusions. The salient features of this short presentation of FFT's and two-photon bremsstrahlung can be summarized as follows:
-Although higher frequencies are not favored, one-photon FFT's will probably be observed in the presence of strong X-ray sources, specially in the soft X-ray domain.
-The corresponding cross sections are much sensitive to the scattering geometry and to the atomic polarisability. Accordingly, they contain more informations than the conesponding conventional (spontaneous) bremsstrahlung spectra.
-The analytic calculation and the numerical computation of second-order dipole transition matrix elements between Coulomb continuum states are now well mastered.
